A new kind of numbers, the Non-Dedekindian Numbers, and the extension to them of 

the notion of algorithmic randomness 



Gavriel Segre 
(Dated: 8 December 2006) 

A new number system, the set of the non-Dedekindian numbers, is introduced and characterized 
axiomatically. 

It is then proved that any hypercontinous hyperreal number system is strictly included in the set 
of the Non-Dedekindian Numbers. 

The notion of algorithmic-randomness is then extended to non-Dedekindian numbers. 

As a particular case, the notion of algorithmic randomness for the particular hyperreal number 
system of Non-Standard Analysis is explicitly analyzed. 



1 The reported date is the one of the first public (i.e. appeared on my homepage http:/ /www. gavrielsegre.com I version of this paper that 
has, anyway, received later improvements. 
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I. INTRODUCTION 

The non-euclidean revolution [l| consisted in the discovery of many kind of non-euclidean geometries corresponding 
to different choices in the imposed cardinality of the set of straight lines parallel to a given straight line and passing 
for a point not belonging to it (euclidean geometry consisting in the assumption, stated by Euclides' Fifth Axiom, 
that such a cardinal number is equal to one). 

In a completely different framework, the axiomatic definition of the set K of the real numbers Dedekind's 
Continuity Axiom resembles, with this respect, Euclides' Fifth Axiom since again it imposes that the cardinality of a 
suitable set (the intersection of a sequence of nested halving intervals) is equal to one. 

Such a similarity naturally induces to investigate which kind of different numbers' systems we obtain by replacing 
Dedekind's Axiom with different choices in the imposed cardinality of the intersection of nested halving intervals. 

What one obtains in this way is a new number system, the set ND of the Non-Dedekindian numbers, that here we 
explicitly define axiomatically. 

We then show that any hypercontinuous hyperreal number system is strictly included in NO. 

Finally we extend the notion of algorithmic-randomness to non-Dcdckindian numbers. 

As a particular case, the notion of algorithmic randomness for the particular hyperreal number system of Non- 
standard Analysis is explicitly analyzed. 
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II. DIFFERENT WAYS TO DEFINE THE REAL NUMBERS 

As it is well known there exist many different equivalent ways of denning the set R of the real numbers. 

Many of them has the same structure: they define R as a chain-ordered field satisfying some supplementary condition 
of completeness (belonging to a family of equivalent completeness' conditions). 

The simpler approach was given by Cantor: introduced on Q the metric d(ri,r 2 ) := |ri — r 2 \ one defines R as the 
metric completion of the metric space (Q, d). 

In this way a real number is then defined as an equivalence class of Cauchy sequences over Q with respect to the 
following equivalence relation: 

K}„eN ~ {s„}„ eN := lim d(r n ,s n ) = (2.1) 

n — »+oo 

In this paper we will concentrate, anyway our attention on Dedekind's way of formalizing the supplementary 
completeness condition since: 

1 . it shows in such an intuitive way the evidence that the supplementary added completeness condition is a condition 
assuring the " continuity" of R that it is usually called the Continuity Axiom 

2. it has a natural link with Algorithmic Information Theory 

3. it has a natural generalization that will allow us to introduce a new number system: the set NB of the non- 
Dcdckindian numbers 



5 



III. DEDEKIND CONTINUITY AXIOM 

Let us denote by £ :— {0,1} the binary alphabet, by E* := U n£ N + S™ the set of all the binary strings and by 
S°° := {x : N + i— > £} the set of all the binary sequences. Given x G S°° and a , b E R : < bo let us introduce the 
following definition by induction: 

Definition III.l 



a\(x) 



ao if x\ = 
2fl±^a if Xl = i 



(3.1) 



h(x) 



if xx = 
if xi = 1 



(3.2) 



a n (x) :-- 



0"n-l 

a n -i+6„ - 



if x„ = 
3- if .x„ = 1 



(3.3) 



b n (x) 



2 

b n -l 



if a;„ = 
if x n = 1 



(3.4) 



We can at last introduce the following: 

Definition III.2 

set K o/ t/ie reaZ numbers: 

a chain-ordered field satisfying the following axiom ITU. II 

AXIOM III.l 

Dedekind Continuity Axiom: 

3 ! N Dedekind (a , 6 ; x) G K : N Dedekind (a , b ; x) G n„ eN [a„(i), 6„(x)] Va ,5 e 

It may be proved that: 
Proposition III.l 

HP: 



a < b , Vx G S° 



(3.5) 



TH: 



<) chain-ordered field 



Axiom [ill. II is equivalent to Dedekind completeness 



Remark III.l 



Owing to Proposition IIII.ll the definition IIII.2I of R is equivalent to the more usual definition of R as a Dedekind 

complete chain-ordered field. 

Axiom [ill. II has, anyway, a constructive nature that lacks to the condition of Dedekind Completeness: 
given n G N, a n (x) and b n (x) may be computed through the following Mathematica [3j expressions: 
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lef textreme [n_ , a_, b_, binarystring_] := 

If [n == 1, If [Part [binarystring, 1] ==0, a, (a + b)/2] , 

If [Part [binary string, n] == 0, lef textreme [n - 1, a, b, binarystring], 
(lef textreme [n - 1, a, b, binarystring] + 

rightextreme [n - 1, a, b, binarystring] ) /2] ] 



rightextreme [n_ , a_, b_, binarystring_] := 

If[n == 1, If [Part [binarystring, 1] == 0, (a + b)/2, b] , 
If [Part [binarystring, n] == 0, 

(lef textreme [n - 1, a, b, binarystring] + 

rightextreme [n - 1, a, b, binarystring] ) /2 , 
rightextreme [n - 1, a, b, binarystring]]] 



Let us now introduce the following: 
Definition III. 3 

Dedekind operator with respect to [ao,&o]-' 
V a0ibo :E°° h+ [00,60]: 

T^a ,b (x) := N Dedekind (a 0: b ;x) (3.6) 

The axiom HIl. 1 1 implies that: 
Corollary III.l 

2? a0i b is bijective Vao,&o £K : »o < &o (3-7) 
PROOF: 

1. Let us prove that T> aa ,b is injective. 
Given x, y G S°° : x ^ y this means that: 

3n G N : x„ / y n (3.8) 

But then: 

[a n {x),b n {x)\ ^ [a n (y),b n (y)) (3.9) 

and hence: 

V ao , bo (x) + V aoM {y) (3.10) 

2. Let us prove that T> ao ^ g is surjective. 

Given c G [ao, 60] let us choose at each step the value of x n G £ such that c G [a n , b n \. 
Then by construction: 

V aofio (x) = c (3-11) 



IV. ALGORITHMIC INFORMATION THEORETIC ANALYSIS OF THE DEDEKIND OPERATOR 

Let us observe, first of all, that denoted with v 2 the 2-ary map introduced in the definition IB. 21 of section [B] 
Proposition IV. 1 

T> ,i(x) = v 2 {x) Vx G S°° (4.1) 
PROOF: 

By construction: 

oc 

lim a n (x) = V g V5 G (4.2) 

But axiom UlI. 1 1 implies that: 

lim a n (x) = lim = N Dedekind (0, 1; 5) VieS°° (4.3) 

n — >+oo n — >+oo 

■ 

i.e. Nr>edekind{Qi ^-',x) is the number having (0.5)2 as base-two representation. 
Hence 

Corollary IV. 1 
1. 

T>o,i(x)eQ 3y e S* U {A}, zeS* : x = y ■ z°° (4.4) 

where ■ denotes concatenation, A is the empty string and where z 00 denotes the infinite repetition of the string 
z. 

2. 

V ^{RANDOM{H°°)) = RANDOM([0, 1]) (4.5) 

where iL4iVDOM(0, 1) is the set of the random reals belonging to the interval [0, 1] while RANDOM (S°°) is 
the set of the random binary sequences. 

Let us now consider two arbitrary clq, bo £ K : ao < fro and let us introduce the following set: 

Definition IV. 1 

real random numbers with respect to [ao,&o] ; 

RANDOM([a ,b ]) := V aoM (RANDOM(T,°°)) (4.6) 
Let us introduce the following map: 
Definition IV.2 
TaoM, ■ [aa,b a ] ^ [0,1]: 

% , bo (x) := °- (4.7) 

fro - ao 

and its inverse: 
Definition IV.3 

^~ 1 6o :[0,l]->[ao,&o]: 

T a \S x ) : = (bo-a )x + a Q (4.8) 

Then by construction: 
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Proposition IV. 2 



^o,&o C^ao.fco 0*0) = v 2(x) Vs£l] c 



(4.9) 



Corollary IV. 2 
1. 

2. 



Ta ,b ( v a ,b (x)) eQ 3y G £* U {A}, z£S* : X = y-z' 



T ao , bo (iMA^DOM[a ,& ]) = RANDOM^, 1) 



(4.10) 



(4.11) 



Remark IV. 1 



It is extremely important to remark, at this point , that while RAN DOM (0, 1) , according to definition IB. 13| is an 
intrinsic notion characterizing the set of the random reals belonging to the interval [0, 1], RANDOM([ao, bo)) is not 
an intrinsic notion that characterizes the set of the random numbers belonging to [ao, 60] but a relative notion that 
characterizes the random reals with respect to [ao, bo], i.e. the set of the random reals in the interval [0, 1] when such 
an interval is seen dilatated and translated by 1 ■ . 

That this is the case may be appreciated considering the following: 

Proposition IV. 3 

HP: 



TH: 



01,02,61,62 G K : [a 2 ,6 2 ] C [ai,6x] 



(4.12) 



Since: 



if follows that: 



RANDOM{[a 2 ,b 2 }) + RANDOM([a u 6 X ]) n [o 2 , 6 2 ] 
PROOF: 

RANDOM(0,1) = T-] bi {RANDOM{[axM])} = T-\ 2 {RANDOM{[a 2 ,b 2 ])} 



RANDOM([a 2 ,b 2 ]) = 



(61 - a x )RANDOM{[a 1 M]) + «i - a 2 

b 2 - a 2 



^ RANDOM([ai, 61]) n [a 2 ,b 2 ] 



(4.13) 



(4.14) 



(4.15) 
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V. A NEW NUMBER SYSTEM: THE NON-DEDEKINDIAN NUMBERS 

Given n G N+ U {H„, n E N} 2 let <G„ be a chain-ordered field @. 

Given 5; S S°° and cto, &o G : a o < ^0 let us introduce the following definition by induction: 
Definition V.l 



, . 1 a Q if xi = 



"*<■'■>:=< 8 5S=! (5 - 4) 



1 &n— 1 if — , . 



if i„ = 



:= , 2 "-">-" (5.6) 

[ On-l if X n = 1 

Definition V.2 

Dedekind set with respect to [ao,6o] an d 

SDedekindiaoybo^x) := {rf £ G„ : d £ n ne s[a„(i),f) n (i)]} (5.7) 
Let us now introduce the following: 
Definition V.3 

set of the generalized numbers of order n: 

the chain-ordered field G n satisfying the following axiom IV. 21 



2 We have assumed that n < . This has been done since assumed the following: 
AXIOM V.l 

Generalized Continuum Hypothesis: 

2*™ = K n+ i Vn G N (5.1) 

it follows that: 

H n = \V n (N)\ Vn G N (5.2) 

(where |S| denotes the cardinality of a set S and where V n denotes the n th iterate of the power-set operator) while cardinals > 
cannot be obtained in this way. 
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AXIOM V.2 



Generalized Dedekind Axiom of order n: 



\SDedekind(ao, bo; x)\ 



n Vao, b £ G n : a < bo , Vx G £ 



(5.8) 



where 151 denotes the cardinality of a set S. 
Clearly: 



Proposition V.l 



G 



i 



(5.9) 



PROOF: 



For n = 1 the axiom IVT21 reduces to Dcdckind's Continuity Axiom. ■ 

Given n € N + U {K„, n £ N} : n > 1 we will call G„ the set of the non-Dedekindian numbers of order n and we 
will call ND := U/ ng r} + :n>i}u{N„,neN}^n the set of the Non-Dedekindian numbers. 



Clearly the furnished formal axiomatic definition of the Non-Dedekindian numbers is not the whole story. One has: 

1. to prove that the involved formal system is consistent 

2. to prove that N© / 



As to the proof of the consistence of the given axiomatic definition of generalized numbers of any order, let us remark 
that we know that for n = 1 this is true since we know that Dedekind's axiomatization of real numbers is consistent. 

Hence, to obtain a proof by induction, it would be sufficient to prove that the consistence of the axioms for G„ 
implies the consistence for the axioms for G n +i. 

We leave this task open for future investigation. 

The proof that ND ^ will be given in the next section where we will prove that any hypercontinuous hyperreal 
number system is strictly included in NB. 



Remark V.l 



Remark V.2 
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VI. HYPERCONTINUOUS HYPERREAL NUMBERS AS PARTICULAR NON DEDEKINDIAN 

NUMBERS 

Let us start from the following: 
Definition VI. 1 

hyperreal number system: 

a chain-ordered non- Archimedean field containing R as a subfield. 
Given an hyperreal number system H: 
Definition VI.2 

non-standard part o/H: 

^■nonstandard := H — M (6-1) 

Definition VI.3 

infinitesimals o/H: 

^infinitesimals ■= {x G H : X G (-f, t) W G K + } (6.2) 

Definition VI.4 

unboundeds o/H: 

^-unboundeds '= {% G H : $ T G K+ \ X G (-f, f)} 

It may be proved that 0: 
Proposition VI. 1 
1. 

2. 
3. 

|H^ rt finitesimals | ^ ^0 

so that obviously: 
Corollary VI. 1 

|-^un6oitnrfeds | — ^^-infinitesimals | ^ ^0 

Let us introduce the following: 
Definition VI. 5 

H is hypercontinuous: 



(6.3) 

(6.4) 
(6.5) 
(6.6) 

(6.7) 
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1. 

^infinitesimals I > ^1 (6-8) 

2. 

|[ e l; £ 2]| = ^infinitesimals I Vei^S ^-infinitesimals ■ *1 < e 2 (6.9) 

Remark VI. 1 

We would like to caution the reader that the terminology of definition IVI.5I is new. 

Given x±, X2 ei let us introduce the following: 
Definition VI.6 

xi is infinitesimally closed to Xi'- 

•El ^infinitesimally closed ^2 • — ^1 ^2 £ ^-infinitesimals (6.10) 

and let us recall that 0]: 
Proposition VI. 2 

1. —infinitesimally closed is an equivalence relation over H. 
2. 

VieKU ^infinitesimals 3 ! std(x) <E R : X —infinitesimally closed Std(x) (6-H) 

std(x) is called the standard part of x € H. 

Let us now repeat the construction of the previous section. 

Given x £ E°° and ao, bo € H : ao < bo let us introduce the following definition by induction: 
Definition VI. 7 



oiW : = \ ao+feo jf = i ( 6 - 12 ) 



M*) := < . 2 f 1 !? (6-13) 



feo if xi = 1 



. a n _i if x„ = 
Mz) := <, q, 1 - 1 +b„_ 1 ifa , =1 (6.14) 



an-l+bn-l 



if I„ = 



- { iZ-i (6 - 15) 

Definition VI.8 

Dedekind set with respect to [ao,6o] an d 

SDedekind(ao,b ;x) := {dei:(ien„ eB [o„(i),!)„(i)]} (6.16) 



Then: 
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Proposition VI. 3 

HP: 



a , i £lU infinitesimals A std(a ) ^ std(b ) (6.17) 

TH: 
1. 

\{std(d),d e SDedekind{ao,b ;x)}\ = 1 Vie S°° (6.18) 

2. 

\SDedekind(ao,bo]x)\ = ^infinitesimals | VieE°° (6.19) 

PROOF: 

1. Let us observe first of all that: 

std(a n {x)) ^ std(b n (x)) Vn e N,Vx G £°° (6.20) 
The thesis follows applying the axiom Ull. II to the set [std(ao), std(bo)] PlM 

2. the thesis follows observing that: 

d + e e [a n (x),b n (x)} VnGN.VeG ^■infinitesimals •> 

Vi g S°° (6.21) 

■ 

Proposition VI. 4 

HP: 

1. H is hypercontinuous 
2. 

a Q ,b eRUWinfinitesirnais A std(a ) = std(b ) (6.22) 

TH: 



\SDedekind(CLo,bo;x)\ — ^infinitesimals | Vl £ E°° (6.23) 

PROOF: 

The thesis follows applying the definition IVI.5I ■ 

Let us now include unbounded hyperreals in the game. 
Given xi, X% G H: 
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Definition VI.9 

x\ is finitely distant from x^: 

•El ^finitely distant from -^2 ■ — -El -^2 € M U ^-infinitesimals (6.24) 

Then [|: 
Proposition VI. 5 

^finitely distant from is an equivalence relation over H 
Let us now consider the various cases as to the cardinality of the Dedekind set: 
Proposition VI. 6 
HP: 

1. EI is hypercontinuous 
2. 

^finitely distant from ^0 

(6.25) 

TH: 



\S Dedekind {dO, bo] x)\ = ^infinitesimals | \/x € S°° (6.26) 

PROOF: 

Clearly: 

a n (x) ^finitely distant from b n {x) \fn £ N,Vi 6 S°° (6.27) 

the thesis follow applying Proposition IVI.3I and Proposition IVI.41 ■ 
Proposition VI. 7 

HP: 

1. H is hypercontinuous 
2. 

^finitely distant from b (6.28) 

TH: 



\SDedekind(a,Q,b ]x)\ — ^-infinitesimals I Vx € £°° (6.29) 
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PROOF: 

Clearly: 

a n {x) ^finitely distant from b n (x) Mn £ N,Vi 6 S°° (6.30) 

Hence: 

r e [on(x),b n (x)] Vr e K,Vn e N,Vz e E°° (6.31) 

so that: 

|<S'_De(iefeirad(«0: %)\ = Hiax( |R| , ^infinitesimals I ) = IHm/mitesimais (6.32) 

where we have used the definition I VI. 51 and the fact that the axiom IVTT1 implies that: 

|K| = Ni (6.33) 

■ 

Considering together all the different cases it follows that: 
Proposition VI. 8 
HP: 

H is hypercontinuous 

TH: 



H = ^|Hin/<ni«e*«mol«l ( 6 ' 34 ) 

PROOF: 

The thesis is an immediate consequence of Proposition IVI.31 Proposition IVI.4I and Proposition IVI.7I ■ 
Proposition IVI.8I implies that: 

Proposition VI. 9 

HP: 



HI is hypercontinuous 

TH: 



HcM) (6.35) 
Let us now consider the particular hyperreal number system *R of Nonstandard Analysis introduced in the definition 

Em 

Let us observe first of all that: 
Proposition VI. 10 

*R is hypercontinuous 
PROOF: 
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Demanding to 0, @, for all the mathematical- logical details let us recall that: 



1. there exists a map, called the -k-tranform, associating to each sentence <f> of the language L-n formalizing M a 
sentence *</> of the language C*n formalizing *M 

2. there exists a principle, called the Transfer Principle, stating that a /^-sentence <f> is true if and only if *<p is 
true 

Let us then consider the following /^-sentence: 

<j) := \/xi,X2 £13/: [^i,^] l— * K bijective (6.36) 

Applying to (f> the ^-transform we obtain the following £»7j-sentence: 

*4> := Mxi,x 2 e *R3f : [x 1 ,x 2 ] i-> *R bijective (6.37) 

Since <f> is true, the application of the Transfer Principle allows to infer that *(f> is true. 

Choosing in particular xi := + e E ^infinitesimals and x 2 := - e E *Rm/mitesmiai s it follows that: 

|[-e,e]| = |*R| > Hj Vee *R in/initesimoZl) (6.38) 

from which it follows that: 

I ^infinitesimals | = ||[ e , ^] ^ ^1 V6 G ^infinitesimals (6.39) 

Since, given ei,e 2 ,e 3 ,e 4 £ *Mi n /initesimois : e i < e 2 < £3 < £4, there exists clearly a bijection 5 : [ei,e 2 ] h-> [e 3 ,e 4 ], it 
follows that all the infinitesimal intervals have the same cardinality; hence: 

[eii £ 2]| = \*^infinitesimals | > ^1 Vei,e2€: ^^infinitesimals '■ £l < ^2 (6.40) 

■ 

We can then infer that: 
Proposition VI. 11 

*K C ND (6.41) 
PROOF: 

The thesis follows applying the Proposition IVI.lOl and the Proposition |VL9] ■ 
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VII. ALGORITHMIC ALLY RANDOM NON-DEDEKINDIAN NUMBERS 



Given n £ N+ and ap , bo £ G n such that ao < &o : 



Definition VII. 1 



set of the random generalized numbers of order n with respect to [ao, bo] '■ 



RAN DOM (& n ; [a Q , b ]) := {d e S Dedekmd {ao,b ; x) : x £ RAN DOM (T, 00 )} 



(7.1) 



The definitior lVII.il is a generalization to non-Dedekindian numbers of the notion of Martin Lof-Solovay-Chaitin 
algorithmic randomness as it is shown by the following: 

Proposition VII. 1 



The thesis follows applying the Proposition IV. 11 the definition I VII. II and the definition IIV.1I ■ 

As a particular case of the definition I VII . 1 1 we have extended the notion of algorithmic-randomness to the particular 
hyperreal number system *R of Nonstandard Analysis introduced in the definition IC.11I 
Actually: 

Proposition VII. 2 



RANDOM(Gr,[a ,b ]) = RANDOM([a ,b }) 



(7.2) 



PROOF: 



RAN DOM (*R; [0,1]) = {x + e : x € RANDOM^, 1), e e ^infinitesimals) 



(7.3) 



PROOF: 



The thesis follows by the definition IVII.ll and the Proposition IVI.11I ■ 



APPENDIX A: CHAIN ORDERED FIELDS 

Let us recall the following: 
Definition A.l 

field: 

a triple (F,+,-) where: 

• F is a non-empty set 

• + : f x F n F, ■ : F x F ^ F are maps satisfying the following conditions: 

1. commutativity of the sum: 

a + b = b + a Va, b e F 

2. associativity of the sum 

(a + b) + c = a+(b + c) Va, b,c E F 

3. existence of the zero element with respect to the the sum 

30 G F : (a + = a Va G F) 

4. existence of the opposites with respect to the sum 

VaeF3-aeF : a + (-a) = 

5. commutativity of the product 

a ■ b = b - a Va, 6 £ F 

6. associativity of the product 

(a • 6) • c = a - (b ■ c) Va, b,c e F 

7. existence of the unity with respect to the product 

31 e F :1/0A (1 • a = a ■ 1 = aVaef) 

8. existence of the inverse with respect to the product 

Va E F : a ^ 3a" 1 E F : a ■ a -1 = a -1 • a = 1 

9. distributivity of the product with respect to the sum 

a ■ (b + c) = a ■ b + a ■ c Va, 6, c G F 

Let us recall that given a set S: 

Definition A. 2 

partial ordering on S: 
^G P(S x S) such that: 

1. reflectivity 

a < a Va G S 

2. transitivity 

[(a ^ b A b<c) => a ^ c] Va, 6, c G 5 



3. antisimmetricity 



Definition A. 3 

total ordering on S: 

d partial ordering on S such that: 



19 



[(a^AHo) => a = b] Va, 6 G S (A12) 



(a < b V b r< a) Va, & E S (A13) 



Given a field F: 

Definition A. 4 

chain ordering on F: 

d total ordering on F such that: 

1 . translation invariance of the ordering 

(a d b => a + c^b + c) Va, b, c E F (A14) 

2. positive elements are closed under product 

[(0 di a A < b) d a ■ b] Va, b 6 F (A15) 

Definition A. 5 

chain ordered field: 

a couple (F, <) such that: 

1. F is a field 

2. -< is a chain-ordering over F 

Given a chain ordered field (F, d) and a,b e F: 
Definition A. 6 



a<b := a<b A a^b (A16) 



Given a,b e F : a -< b 
Definition A. 7 



Given SCF:S/|: 
Definition A. 8 

■upper bounds of S: 



[a,b] := {x e F : a^x <b} (A17) 



J7B(S) := {beF :a<b Va £ 5} (A18) 



Definition A. 9 

(F, d) is Dedekind complete: 

ySCF:S^H) A UB(S) ^ 3sup(S) e UB(S) 



(sup(S) db Vbe UB(Sj) 



(A19) 
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Definition A. 10 

natural action of Z over F: 
o : Z x F i-> F: 



n 



o a := ^ a n eN,a e F 



(-n)oa := —(no a) n G N, a e F 



(A20) 
(A21) 



Definition A. 11 

(F, ^) is Archimedean: 



(3b e F : noa^bVneZ) => a = 



(A22) 
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APPENDIX B: MARTIN LOF-SOLOVAY-CHAITIN RANDOMNESS 

In this section we will briefly review the definition of algorithmically-random binary sequences. 
Given a number n e N : n > 2 let us introduce, preliminarily, the following: 

Definition B.l 

n-ary alphabet: 

S n : = {k e N : k < n- 1} (Bl) 

Obviously: 
Proposition B.l 

S 2 = S (B2) 

Denoted by S* := Ufe £ N + S^ the set of all the n-ary strings and by := {x : N + i— > £„} the set of all the n-ary 
sequences, let us introduce the following: 

Definition B.2 

n-ary value: 

the map v n : ^ [0, 1]: 



i=l 



and the more usual notation: 



(0.X1 • ■ ■ X m ■ ■ ■ )„ := V n {x) i£S^ (B4) 

Let us introduce furthermore the following: 
Definition B.3 

n-ary nonterminating natural positional representation: 
the map r n : [0,1] i-> 

r n ((0.a;i ■■■x i ---) n ) := x (B5) 



with the nonterminating condition requiring that the numbers of the form (O.xi • • -Xi(n — 1))„ = (0. • • • (x{ + 1)0) T 
are mapped into the sequence x\ ■ ■ ■ Xi(n — 1). 
Given ni,n 2 G N : min(ni,n 2 ) > 2: 

Definition B.4 



change of basis from m io n 2 : 
the map c6 ni ,„ 2 : S~ h- E~: 



Given X G S*: 
Definition B.5 



c6 ni ,„ 2 (x) := r„ 2 (v ni (x)) (B6) 



:= {x G E~ : (3n € N+ : f(n) £ 5)} (B7) 



Endowed £„ with the discrete topology and SJf with the induced product topology r: 
Definition B.6 
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G C E^j° is a constructively-open set: 
1. 

G G r (B8) 

2. 

C E£ recursively enumerable : G = (B9) 
where we demand to [3] for the definition of recursive enumerability. 
Definition B.7 

constructive sequence of constructively open sets (c.s.c.o. sets): 

{Gk , fc G N : /c > 1} sequence of constructively-open sets Gk — such that: 

3 X C E* x N recursively enumerable : X k = {x G E* : (af, k) G X} (BIO) 

Definition B.8 

cylinder set with respect to x G E*: 

T S := {y G E~ : y(|x|) = x] (Bll) 

Definition B.9 

cylinder - a - algebra on E^°: 

^cylinder := a — algebra generated hy{T s : x 6 E*} (B12) 

Definition B.10 

Lebesgue measure: 

the probability measure over the measurable space (E£°, ^cylinder)'- 

^Lebesgue(Tx) ■= ~ i#T V X S E* (B13) 

Given S C E£°: 
Definition B.ll 

S is a constructively null set: 

3{Gk, k G N : k > 1} c.s.c.o. sets : S C C\k>\Gk A lim ^Lebesgue{Gk) — constructively (B14) 

/e — >+oc 

We can finally introduce the following: 
Definition B.12 

Martin Lof - Solovay - Chatin random sequences over E„: 

RANDOM^) := S™-{Sc E^° constructively null set } (B15) 
A key feature of the Martin Lof - Solovay - Chaitin notion of algorithmic-randomness is the following [4] : 
Proposition B.2 

Basis-independence of randomness: 

RAN DOM (Yl™) = cb ni |Tla (RANDOM (E™ )) Vm,n 2 G N : min(m,n 2 ) > 2 (B16) 

Proposition IB. 21 allows to restrict the analysis to algorithmically random binary sequences without any lost of 
generality and to introduce the following: 

Definition B.13 

set of the algorithmically random numbers in the interval [0, 1]: 

RANDOM (0, 1) := {v 2 (x), x G RANDOM (E°°)} (B17) 
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APPENDIX C: THE PARTICULAR HYPERREAL NUMBER SYSTEM OF NON-STANDARD ANALYSIS 



In this paper we work within the formal system ZFC, i.e. the Zermelo-Fraenkel axiomatization of Set Theory 
augmented with the Axiom of Choice (axiom l"C.l[) . 
Given a set S 7^ 0: 

Definition C.l 

filter on S: 

T Q V{S) -. (AnBef VA,Bef)A(4efAAcBcS4Bef) (CI) 



Definition C.2 

ultrafilter on S: 

a filter T on S such that: 

T^V(S) A (A(ETV S-AeT VA(EV(S)) (C2) 

Given B G V{S) :B^§: 
Definition C.3 

principal filter generated by B: 

T B := {A G V{S) : ADB} (C3) 

In this paper we assume the following: 
AXIOM C.l 

Axiom of Choice: 

3f : V(S) i ^ U Bens) B : f(A) G A VA G V(S) : A ± (C4) 
A consequence of the axiom IC.ll is the following [6( : 
Proposition C.l 

\S\ > Ho =** 3 nonprincipal ultrafilter on S (C5) 
Uniforming our notation to the one adopted for sequences over finite alphabets let us introduce the following: 
Definition C.4 

R°° := {f : N i-> M} (C6) 

Given f = {r„}„ eN , s = {s„} neN G R°°: 
Definition C.5 

f®8 := {r n + s n } ne m (C7) 
fOs := {r„-s„} neN (C8) 



Given iel: 
Definition C.6 



x°° := {r n } neN 6 R°° : r n =x Vn £ N 

Let us now introduce the following: 
Definition C.7 

NPU(N) := {F nonprincipal ultrafilter on N} 
By Proposition lC.il it follows that: 
Proposition C.2 

NPU(N) ^ 
Given T e NPU(N) and f = {r„}„ eN , s = {s„}„ eN 6 
Definition C.8 

f cmd s are eg«aZ J- -almost everywhere: 

f ~jf s := {n € N : r n = s„} £ J" 

It may be proved that @: 
Proposition C.3 

is an equivalence relation over R°° 

Let us finally introduce the following: 
Definition C.9 

Given f = {r„}„ eN , s = {s„}„ eN e 
Definition CIO 

1. 
2. 

[r]jr-[s]^ := [fQa] F 

3. 

[f]jp < := {n G N : r„ < s„} G .F 
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It may be proved that @: 
Proposition C.4 

+, •, <) is an hyperreal number system MT £ NPU(N) with zero [0°°]^ and unity and where x £ R is 

identified with 

where we have used the definition I VI. II of an hyperreal number system. 
Furthermore the assumption of the axiom IVTTI implies that: 

Proposition C.5 

(*M^,+, •, <) is isomorphic to (*R^ 2 , +, •, <) VTi, JF 2 e NPU(N) 
Proposition IC. 51 allows to give the following: 
Definition C.ll 

hyperreal number system of Non-Standard Analysis: 

(*R, +,.,<) := (*Rjr, +,-,<) TeNPU(N) (C17) 
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APPENDIX D: NOTATION 



i.e. 


id est 


V 


tor all (universal quantiiicator) 


3 


exists (existential quantiiicator) 


3 ! 


exists and is unique 


x = y 


x is equal to y 


x := y 


x is defined as y 


A 


and (logical conjunction) 


V 


or (logical conjunction) 


gcd(n, m) 


greatest common divisor of n and m 


£ 


binary alphabet 




set of the binary strings 




set of the binary sequences 


i?A/V_DOM(£°°) 


set of the random binary sequences 




binary string 


X 


binary sequence 


Xn 


tht i • • i fii i ■ — * fii — 

n ln digit ot the string x or of the sequence x 


x(n) 


C f* 1 i 1 f* i 1 i • ^> fil — 

prchx of length n of the string x or of the sequence x 


\x\ 


length of the string x 


x°° 


sequence made of infinite repetitions of the string x 




concatenation operator 


A 


empty string 


\S\ 


cardinality of the set S 


V(S) 


power set of the set S 


K 


n th infinite cardinal number 


N 


set of the natural numbers 




ordinality of N 


N+ 


set of the strictly positive natural numbers 


Z 


set of the integer numbers 


Q 


set of the rational numbers 


R 


set of the real numbers 


H 


an hyperreal number system 


*M 


ill I 1 i p TVT , 1 1 A 1 * 

the hyperreal number system of JN on-standard Analysis 




i Til • C * i • 11 i f* TTTT 

set oi the infinitesimal elements of M 




set of the unbounded elements of H 


std(x) 


standard part of x 




~f~\ 11*1 j *ii . . r 7"i 

Dedekmd operator with respect to [ao,OoJ 


RAN DOM {[a , b }) 


real random numbers with respect to [ao, bo] 


SDedekind{aO, bo] x) 


Dcdekind set with respect to [ao , bo] and x 




set of the generalized numbers of order n 


NE> 


set of the non-Dedckindian numbers 


RANDOM(G n ; [ao, bo]) 


set of the random generalized numbers of order n with respect to [ao, bo] 
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